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PRYFACE

Among resenrchers involved in the design and duvelopment of
defensen againot balliptic missiles there is considerable interest in
the potential of phased-array radars, Of particular interest are
those data procesiing methods which may be applied in the manalysin or
devign of phased-uarray radars to arrive ut optimal performance
characteriaticas (e,g., target handling capacity, accuracy, pover,
eto,), minimal cost, or both,

This Momorandum deals with the statistioal analysis of one such
performance characteristic, namely, angle tracking accuracy, It
1llustrates & method of relating such accurscy both to receiver
noise and to component erross, This is an xdvmnce nver previous
studies which hava treated only cne or the other source of error,

The work reported here was conducted in connection with HAND's
studies of low-altitude defense whicii are sponsored by the Advanced

Ressarch Projects Agency's "Defender" program,



OUMMARY

‘This Memorandum discussos the angular mccuracy of phasoed array
radars, with aspumptions appropriste to the problem of hard-point
ballistic missile (oZfense, An cvquation is derived rolsting angular
accuracy to the signale=to-noise ratio in individual channelu of the
array and to random component errors in the indiv!dual channels,
This aquation is applicable to arrayus with non=uniformly opu ed
elementa, which are often conulderud for use In hard point defenue
systems, DOmoothing of radar <. um to obtain estlumtes of angle mnd

angular rate for interceptor guldance {u also diucuused,
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I, INTROIUCTION

flsveral papers have been published which discuss the angular
tracking accuracy of phaved array radars. Two recent publications

considered the effect of random component errors, both amplitude
(1,2)
(3)

and phase, on tracking accuracy, A third paper deals exclusively

with errors due to receiver noinse, In the present Mvmorandum, an
equation for angular tracking error is derived which {ncludes the
effects of both component srrors and receiver noise, The analysin
is similar to those of Refs, l-3 and showu that, when angular error
is small, the mean asquarsd angular arrors dus to receiver noise and
component errors are additive,
The following disoussion is slanted toward the ;roblem of hard
point defenmse, [lince the detection rangez required in this canse
are relatively small, generally less than 100 miles, the powersaperture
products required for deteotion are quite low., On the other hand, the
angular accurmacy requirements are quite severe {f ei{ther command
guidance or predicted fire {s used during interception, The combina-
tion of lov power«aperturs product and good Angular acourscy suggests
the use of partially filled rereiving arrays for economioml deniyn,
partioularly at lov radar frequencies. 'The equation for angular
accuracy vhich is derived here is applicable to arrays with any
arbitrary distribution of receiving elements, Previous analysea
have considered only receiving arrays with uniform element apacings.
The folloving analysis is simplified as far as possible without
sacrificing any of the essential features of the problem, A large
signal=to=noise ratio is susumed in the sum channel (not in i{ndividual
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Slawne laoogr bnthe ddferenee chiinel) so that the phase In the wum
clintinel {u an ncenrate modoure of signal phnoe at tho center of the
wreay,  Tno thia eage 1t can be shoun that amplitude errors in the
Indlvidual channels do not contribute to angular error. Also,
hoacanse of tho large signale-to=noiss ratio it will be asasumed that
Lthe tarpet 1o belng accurately tracked and is near tlie monopulse
crossover angle, which further simplifies the analysis, The
enpumption of large 01/N appears 'Jumrua since acourate tracking
ts mout Lmportant during the guidsnce phase when the target is ot
short range.

For simplioity, only phase ccrparison monopulse will be considesed,
Tn this case the motopulsc Alfforenie sigual s obtained Ly combining
the signale from the individual channels of the array cchereintly.
Tt has been ahown that; by properly weighting the individual alpnale,

this technique provides acouracy as good as in theoretically pounible.'

'J. Mallett, private communleatlon,
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I1, OINGLE-PULIE ANQUIA! ACCURACY

The coordinates ln which angles are measured with a planar
receiving arrsy are illustrated in Fig, 1, The x and y axes lie
in the plane of the array. Incromental phase shift between elementu
in the x-direction is o measure of the angle between the line-of«
sight and the x-axis, i,e,, 0, imilarly, inoremental phase shift
in the y=direction is a measurs of the angle ¥y,

We will consider measurement of one of thess angles, say §. It
is assumed that a target has been detected and {s being trnukcé BO
that its avproximate coordinates (n’, y') are known, A wsum bean is
formed by adding the outputs from all of the elements in tle array
coherently, after i{ncremental phase shifts appropriate to the
approximate target angles (8’, ¢') are introduced in the {ndividual
channels, Also, a difference signsl i{s formed which is & measure
of the error in the sstimated value of A, Lat there Le an even
riumber of elsments in the array, with the elements on one side of
the array numbered from 1 to N/2, lat [xn} represent the x-cocrdinates
of these elemsnts and assume for simpliocity that the array is symmetrioc

about the y-axis {n the sense that Xy ==X

The amplitude and phase of the voltage (or current) in thu nth
ochsnnel oan be represented by & vector quantity:

tuxy v 9o 8)

- a(l + on) . + 70

(1)

Where!
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Fig.|— Angle measurement with a planar array



on
u = = cos ¢

a = pignal lnp§1tudo

¢. = fractional amplitude error in
the nth channel

A = radar vavelength

g = reference phase at the center
of the array

3 « phase error in the nth channel

y. = noise component in the nth channel

Fach quadrature component of the receiver noise, 7'; , 1s normally

v

r

distributed vith a mean of sero and mean squared value ¢

7
The sum signal s formed by using an even weighting functiou,
a(x)1
N/‘l-' "1“ l‘n
o = } w(x) . (2)
=N/v

Al
where; u’ = ‘T! cos @'

o(=x)= u(x)

The maximum /N ratio in the sum channel is obtained vhen s(x) = 1,
it some taper may be introduced to reduce sidelodes, Oince the array
contains an even number of elewents, let L 0.

Equation {2) oan be revritsten in the form:
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n/e

\

(R 1
.‘(x”} [n(l O O j.vx") + 7n] o ¢ (%)
"”‘/l‘

vhope: Vol ey’

~u'x 4 @)
y »nyloe n

n 4}
e statistical properties of the phase=-shifted noise voltagen ’n
are the aame as thome of 7& + Both the pheme error 8 and the target
angle off boronight (-.vxn) have been assumed small in the above
oxpansion, Wherc the f1/N ratio i{s large and the effects of component

orrors are amall in the sum signal, Rq. (3) Lecomes:

N/@
nwanet? ) aix) (k)
nml
The swn algnal is used only as a reference for extracting angular
srror informitic. from the Jdifference aignal., When a turget la helng
oontinuously tr'nked und is nomar the monopulse crossover, the sipral
is much larger in the sum channel than in the Aifference channe),
Ilnce, the elt'eats of oomponent arrors and receiver noifasa on the swm
signal are small in comparison with their contridution to the
difference signal,
The difference signal is formed using an odd weighting unction,

A{x)1

N 2 -iulx
De) d(x)e N o (")

n
«N/2
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vhere:  dex) < <d{x)

Hufng Lhe uame notation and assumptions as above:

NZ?
bt ) alx) [a(1 e e 4 Y]
.N/ﬁ‘ i
N/&
i
¢ le ¢ é d(xn) [I(Vxn + bn) + 7,.@] (6)
«N/&

o [o, +on]

wvhare: 7y " LI i7n2’ Ta1 and 7n9 are real,

Only the mocond term, Da, contalne Informatlon about the target
angle off boresight, This componsnt of the difference signal can be
extracted by using the reference phase of the sum algnal, which also
indicates the nense of the angular ecror, [iinece, to a first-order
approximatlon, errors in the reference phase can be neglected,
anpllitude errors ('n) vhich appear only in the D, term can nlue ho

naglected, The term of interevat is then;
N/R

n, = 5' J(xn) Ln(vxn v on) + vn‘»_,‘ ('r)
-Nja

The rms error in measurement of v is

| g )

Best Available Copy
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a, ”‘ - (8)
3 |veo

The slops of the difference swignal 1) at bores{ght 1s:

an, N/
tYE v -0 - e 2, xnd(xn) ()
1
Also:
N/
¢ " AR o Ty
M, (a op * 07) >’ ! .xn) (10)
‘ 1
where: nr «~ mean uquarad phase errur in each chunnel,

4
Combining Fua, (A=10) gives:

n N/‘
a4 (x

ol

This expression is minimized vhen 4(x) i{s proportional to x, {n whioch

"

<

CAse;

(12)




The corresponding mean sguared error in msasurement of the angle g

L ]
ls theon:

, 2 "; t A

° (wﬁn) LW (1)
)
-N/2

vhere: x, - sigal-to=nuiss power ratio in each {ndividual channel,
Fquation (134} shows the dependence of single-pulse rie angular

error (g,) on the spacing of elements in the array (xn], the rms

value of component phase error (ab), and signal-to=noise ratio in

the {ndividual chamels (x ).

'thn tlis component error term is small in compariron to the
receiver noise term (n; « 51;-) and uniformly spuced elements are
0

sswumed, ¥q. (13) ts the same as Lhe results of Ref, 3 (Eq. (14)),
For cg > 1/2 x_, ¥q, 13 belov gives the result derived in Ref, 2
for a uniformly spaced array,
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T11.  DINCUASTON OF ABSUMIMPL I

A mor~ intuitive dfucussion of the tracking problem may yicld
botter insipght into thiu unalysis and serve to Juutify some of the
nsoumptions, Yor thlu purpose, considor an array containing 1000
elomentys,  Again, assume monopulee techniques are used to measure
the angle &, and that the rlements are symmetrically placed with
regpect to the y-axis,

After a target in dotected, two besms are formed in the approxi-
mate direction of the target, & sum benm and a differeance beam,
Conatider firut the {deal case of no component orrory and no receiver
noise, Wwhen the beams are pointed directly at the target ':hle aum
output has {ts maximum value, and the Jdifference output is zero,
Aveume the signal component in each channel ifu | voit, so the amplitude
of the sum output (1) {m 100U volte, If the target {u now moved off
boresight Ly & fraction of the beamwidth, [ dvorenges alightly n
amplitude but dovs not change in phawe, The differsnce signal (D)
in In quadrature with fi and {s roughly proportional to the angle off
boreaaight. The ratio of D to !} in thiu {deal rase provides an exact
medsure of angle of ' bornuight,

Next, auswi: Lhat component errors lnd/or rorelver noise are
present and Jointly contribute an ~ms error of 1 volt in sach ochannel,
Tn addition to {ts average valus of LOO) volts at the correct reference
phase, 1 then contains an error component with an rms value of ﬁ”’_
or %0 volts, The sum signal (1) {s used only to obtain & reference
phase and amplitude for extracting angular information from the

difference signal (D), A wmall percentage error in the amplitude of



u

% yleldls the same psrcentage error in the estimate of angle of!
boresight., Por exanple, {f the amplitude of 8 were in error by
per cent and the targst 1/20 beamwidth off boresight, an error of
0.1 per cent of the beamridth would result, For a continuously
tracking radar with the target near bnruight' this is 2 second.order
effact,

The contribution of channel amplitude errors to D {s in-phase
with 1, while only the component of D ine-quadsature with 0 contains
informatinn on target angular pneition, Hence, {f the phase of 0
i{s accurate, the (n-phaue component of D is discarded and amplitude
errors do not degrads tracking aceuracy. When there ias an error in
the phase of 1, & portion uf the D term containing amplitude errors
(n1 in ¥q. (6)) s retained and contributes to angwlar error. Again,
thls is & second-order effuct,

Tt is fortunate that angular accurscy is not critiocally dependant
on amplitude tolerences in the individual ohannels vhen the angular
errors due to receiver noluas un! i »! plase errors are small, As
noted in Raf. 2, the element patturns may 4iffer consideredly in
the different channels of a phased array, If the individual channel
gnina are sdjuotel for squal signal amplitudes at one scan angle, there
would be amplitude errors at other scan angles due o differences {n
the slement patterns., T{ may be diffioult, therefore, %0 maintain
tight amplitude tolerances in the individual echannels,

"Nef. 1 considers in detatl the case of sargets off boresight.
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IV, _GMOOTHIMI OF RADAR DATA

The preceding analysis has considered only the single-pulse
acouracy of an angular measurement, (uidance commands for an
interceptor missile are gonerally based on the information obtained
during & train of radar pulses; rather than on single=-pulse data
alone., From the redar data obtained during a preceding interval of
time, both the angular position of the target and its angular rate
are computed and used in the guidance computation, It may alsc be
Aesirable to use higher-order dsrivatives of angular position, e.g.,
angular acceleration, in computing orders for command guidance or
launch angles for unguided missiles,

The following discussion of amoothing appliss only to random
errors which are independent from pulse-to-pulse, Boreaight mis-
alignment and systematic errors vhich are fixed or slovly varying
cannot be removed by smoothing, It has been noted, however, that
fixed errors vwhich are independent of soan angle will ocancel in the
mesasurement of relative pouition.(a) Hence, they are not important
vhen command guidance is employed, provided the target and interceptor
are tracked Ly the same radar, Random phase errors in the achannels
vould generally be slovly varying or fixed (e.g,, errors in element
placement are a possible source of phase errors and would be fixed
errors), and hance could not be reduced by smouthing, Again, these
errors may oancel during the terminal phase of command guidance,
Angular errors dus to receiver noise vwill not oameel, hovever, even
vhen the target and interceptor are at the same angle. This may bde
the most important type of radar error in command guidancy aystems and
oan be reduce’ by smoothing.
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ESTIMATE OF @
First consider a target at a fixed angular position, Let °F

denote the astimate of angle obtained by averaging the measursments

on several pulaes, In this cawse:

(14)

(-]
a. - -1-
= rms error in 'P‘

L] = rms error in singls-pulse measurement

M » number of Mmilses averaged

Variations in range, sud honce in 01/N and 0y during the smoothing interval
are neglected here und in the following dtacusaion, This oase (Eq. (1l4))
is of little {nterest since, {in general, the target would have a finite
angular rate, 6 § 0, Unless very short smoothing times were used, the

angular rate would yleld a wignificant bLims error In 'F'.

JOINT KATIMATE OF § AND §

In genaral, both § and & are unknown and & botter estimate of
angle oan be obtained by fitting a linsar curve to the data, Consider
the oase vhere A 1s constant over the smoothing inturval T, and a set
of M equally spaced mensurements of § are avsilable. Here M «f T,
vhere £ 18 the radar pulse repetition frequency. Let [Qn} represent
the set of measured angles corresponding to the set of times (t - na)

“ﬁ

. Aotually, the data could be compensased for & knovn value of

6 # 0, so that sven then the g Siven in Eq. (1) oon realised,
.,

Hovever, this i{s & somevhat artsifioisl situation.



L]

vhere t is the time of the last observation (n = 0), A is the time
interval between me@surements, and trA =1, [Lat L represent the
estimated value of § &t the end of the smoothing interval and §,
the estimated angular rate, The errors in the 0, medsurements are
normally distributed with a mean of zero and an rms value of Uy ¢
Maximum likelihood estimates of angle and angular rate are
obtained by minimising the mean square difference betveen the data

and a linear curve, i,e,, minimising the quantity:

M-1
Eoe ) (a -0y ¢ bpna) (15)
n=0

For simplicity, we may assume that M » 1, 'Than, equating g-'.r-
K

and «g-’.'— to tero and solving for 8, and ip, glves:
| '

M-1
o = ) 0 (a-“) (16)

M-l
b = Y oo (5. k& 1
L) .

In the linear case, these equations are used to obtain eatimates of
target angle and angular rete, ¢, and §, from the set of messured
angles (0,]. The estimtes, 0, and §,, are random varisbles, One i
interested in determining hov acourately shese estimates correspond
40 the true values of angle (#) and angular rate (§).



13

Noting that ‘n » A - nah, snd averaging Eqs. (16) and (17), it
can be secn that uhese estimates are unbissed, i,e,, 3!: -, and
A - A To obtain the rms mrrcr in Ay, ¥q. (16) can be reritten in

the form:

M=1

" b 6n
(0, = R) « >.. ‘.n - zn) (n - ? (18)
ne
Noting thut
('n' ‘n) (.m " ‘m) * % mow=n
(19)
s () m f n
the mean uquared crror fu the sutimate of angle, ci , 18
m
bo® ko®
2 - J‘ -» P
) r
Prom & similar caloulation:
l.k!cz2 uw"’

@ !
- - (al)
vy

For simplicity it has been assumed in this derivation that M > 1,

e
-2

Note thas the °‘m of Bq. (20) is twice that of Kq, (1k), When
angular rate is unknown, the target angle st the end of she smoothing
interval “l) cannot be estimated as acourstely as vhen aagulAr rete
1s known, Novever, Eqa. (16) and (17) yield a Jjoint efficient estimate



of (n, 8. Wmen both quantities are unknovn, no method of
estimation vill yleld better accuracy than is indicated in kqu, (20)
and (21)., These results can Le related to the parameters of an
arreay by combining Fq. (13) with ¥qe., (20) and (21).

Again, if long smoothing times are used with the linear approxi-
mation, srrors will result from unknown uwecond and higher-order

derivatives of 8,

JOTINT IGTIMATE OF §,A, and §

In this case one wishes to f'ind the best fit botween the set of
measured angles [an] and & curve of the form (.E - ‘wnA v gmnabg/a).
Here 'E and hm are estimatou of the angle and angular rate, respectively,
at the end of the measurement interval, [t is assumed that angular
acceleration ia vonstant during the uimoothing interval, the measurements
are uniformly spaced, and the errors in the .n are again normally
distributed. The maximum likelihool estimate of (9,8,#) is obtained

by mintmising ©;

M-1 2 2\2

o H n

- z 0, -0, g - ¥, BA (22)
ne()

Xquating the partial derivations of Kq. () with respect to
s 0, o §, %o sero and solving the resultiug shree linesr equations

gives:



M-l

‘e l\"\
A ,) .n<
()

17

£ %n.> (o

60 _ bun . s6un"
- & + a0
W e A" >

This net of squation: ~nn be used to obtain estimates of angular

accelarativu, and of nnyle and angular rate at the end of the wmoothing

fnterval, from the measurements {On}. Again, 1t can be shown, from

rqs. (i'4) and 'n “ (n = bnp - '0'11?{\2/’;’). that thess entimaten are

unbiased,

Prom Fge. (19) and (25), the mean uquared errore tn these eutinatoe

are (for large M):

>

™

K

X (k)

»

-
-3 ”n
<15
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Fquation (1%) can be ‘ised to relate those erroru to radar system
paramsters,
It 1w also interesting to noto the correlation botwaeon .F‘"F"

and ;P' The covariances of theuse eutimatou ure defined Ly

Cod ™ (n, = &) (A, - 0)

(9}
1

(a, = W) (4,0 (24)

Con - (‘m - 9) (ir - 8)

flubstitution of Kge, (23) and (19) into this yloldn (agaln for Isrge

M):

.
«

Cop " *m"

T e va

Now the correlation coefficients are seen to be
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R I .

p : ry
1] O'P‘ a. )

Cour .
P4~ S | ﬂ..g&;

L] [« F U I
o 0 b

A correlation coefficient with unit magnitude indicates that two
sstimates are "completely vorrelated,” 1,e., that the estimmte of one
parameter {s uniquely deiormined by the estimate of tie other, Our
estimates of 0.6. and § ai the end of the cbeservation period are
highly correlated, fince the correlation cosfficients are positive,
this means that if the errors i{n the measurensnta of ¢ obtained from
the individusl pulses are such that s, #xceeds the true value of o,
then with high provability bn &nd B, vill excsed the true valuss of

b and &, respectively,

For & given smoothing time, the errors {n a and 5 are greater in
the parsbolic case (Fq. (2k)) then in the linear ocase (Egs. (20) and
(21)). However, with higher-order ocurve fitting, longer wmoothing
times can be used and should yleld a net {mprovement in maccurasy,
Again, the maximum smoothing time wvhich nan be used advantageously
is limited by the higher-ordsr derivatives of angle, in this case the
third and higher derivatives.
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If desired. cudbic or higher-order polynomials could be fitted to
the measured data, Another possibility is fitting ocurves of forms
other than polynomials to the data, e.g., the parameters to be
estimated might {nclude ballistic coefficient in addition to position
and velncity., The improvements in acourscy vhich can be obtained by
increasing the order of curve fitting, ani also the maximum useful
smoothing time for any given approximation, can be estimated from the

geometry of the problem,
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V. CONCLUNIONS

The error in & single-rvlse Angle measurcment with s shased array
radar, due to receiver notse and random phase errors in the individual
channels, is given by tq. (13) above. This equation is applicable to
srrays with non-uniform slement spacings, which are often connidered
for use in hard point ballistic nissile defense systems.

Measured data from a train of radar pulses are used to obtain
estimates of angle and angular rate for interceptor guidance, The
accuracy of those estimates can be improved by using more complex
smoothing procedures and longer smoothing times., This is another
possible area for design trade-offs; increases in acouracy can be
obtained either Ly inoreasing the complexity of data processing or
by increasing transmitted power (or POTAR product)., A similar
situation arises (n search, where increased detection range oan be
obtained either by increassd computer complexity (sequential detection)

or by inoreasing the pover-aperture product,
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